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We study low-energy excitations in the Mott-Jahn-Teller insulator A4C60 theoretically,
where A is alkali metal. A model which takes account of both the electron-electron and
electron-phonon interactions is employed and the low-energy excitations are calculated by
using the Tamm-Dancoff approximation. It is found that the lowest excitation corresponds
to the creation of the spin-singlet Frenkel excitons at about 0.3 eV and the next lowest
excitation corresponds to the creation of the spin-triplet Frenkel excitons at about 0.6 eV.
It is also found that the excitations of a pair of a free electron and a free hole lie over 0.8
eV. A remarkable point is that the spin-singlet Frenkel excitons are lower in energy than the
spin-triplet Frenkel excitons in A4C60 in contrast to usual insulators.
KEYWORDS: alkali-metal-doped C60, Mott-Jahn-Teller insulator, electron-electron interac-
tion, electron correlation, electron-phonon interaction, Jahn-Teller effect
1. Introduction
In the last decade, the electronic structures of alkali-metal-doped C60, AxC60 where A is
alkali metal and x is the valence of C60 molecules, have been studied extensively.
1–4) In partic-
ular, the superconductivity with relatively high critical temperatures in A3C60 has stimulated
a number of studies not only of A3C60 but also of other AxC60. As a result, a variety of
unusual phenomena have been discovered. For instance, it has been shown that the introduc-
tion of NH3 molecules into A3C60 results in the disappearance of superconductivity and the
appearance of antiferromagnetic order.5) Among such anomalies, the most remarkable one
is that A2C60 and A4C60 are insulators in contradiction to the prediction of the rigid-band
picture.6–11) Due to the nature of their insulating ground states, these materials are called
Mott-Jahn-Teller insulators.12)
Since the conduction bands of AxC60 are threefold, it is, at first sight, expected that
AxC60 is metallic for any x of 0 < x < 6. Nevertheless, a number of experimental studies have
revealed that A2C60 and A4C60 are nonmagnetic insulators.
6–11) Photoemission studies have
shown that there is no emission at the Fermi level in the photoemission spectra of A4C60 and
also infrared-refraction measurements have shown that there is no Drude-like behaviors in
the optical-conductivity spectra of A4C60.
10) Furthermore, magnetic susceptibility measure-
ments have shown that A2C60 and A4C60 are not only insulating but also nonmagnetic.
6–8)
These anomalous behaviors have stimulated several theoretical studies that intended to ex-
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plain both the superconductivity in A3C60 and the anomalies in A2C60 nd A4C60 on the same
footing.13–16)
The key to understand the electronic structures of AxC60 is the electron-electron and
electron-phonon interactions.14–16) In particular, the threefold degeneracy of the lowest un-
occupied molecular orbitals, the t1u level, is of great importance because it results in the
Jahn-Teller effect in the C60 molecule. In our previous studies, we have proposed that the com-
petition between the electron-electron and electron-phonon interactions is essential to A3C60
while the cooperation between the two interactions is essential to A2C60 and A4C60.
14–16) In
A3C60, the electron-electron interaction, i.e., the Coulomb repulsion, prefers a C
3−
60 molecule,
assisting uniform charge distribution, while the electron-phonon interaction prefers a C2−60 or
C4−60 molecule due to the Jahn-Teller effect, enhancing charge disproportionation; this com-
petition results in A3C60 to remain metallic despite that both interactions are considerably
strong. In A2C60 and A4C60, on the other hand, both interactions prefer uniform charge dis-
tribution where all C60 molecules have the equal number of the t1u electrons because such a
state is energetically stable not only for the Coulomb repulsion but also for the Jahn-Teller
effect. That is, the energy gaps in A2C60 and A4C60 mainly consist of two contributions; one is
from the electron-electron interaction and the other is from the electron-phonon interaction.
Although the insulating ground states of A2C60 and A4C60 are successfully explained by
considering the electron-electron and electron-phonon interactions simultaneously, it is next
necessary to study the excited states of these insulators. Since these two interactions largely
contributes to the energy gaps of A2C60 and A4C60, low-energy excitations in these insulators
possibly show remarkable characteristics. For instance, there exist spin-wave excitations in
the Mott-Hubbard insulators, which are the collective excitations originated in the antiferro-
magnetic ground state with the energy gap opened by the electron-electron interaction. It is
thus of great interest to study low-energy excitations in A2C60 and A4C60 because the energy
gaps are opened by both the electron-electron and electron-phonon interactions.
The purpose of the present paper is to study low-energy excitations in A4C60. We employ
a model used in our previous studies; the electron-electron and electron-phonon interactions
are both taken into account in this model. To calculate low-energy excitations in A4C60, we
use the Tamm-Dancoff approximation (TDA) on the basis of insulating ground state of the
material obtained by the Hartree-Fock calculation. In §2, the model is briefly explained. In §3,
we derive the equation of motion of the operators which create excitations within the TDA.
The results and discussion are given in §4. Finally, we summarize the present study in §5.
2. Model
In this section, we briefly explain our model previously employed to study the properties
of AxC60.
14–16) In the present study, we consider a model which takes account of both the
electron-electron and electron-phonon interactions within the antiadiabatic approximation.
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In this approximation, the phonon frequencies are assumed to be sufficiently larger than the
width of the t1u bands. The effective Hamiltonian within the antiadiabatic approximation is
obtained by eliminating the phonon degree of freedom. The result is given by
H = H0 + Hint , (1)
where
H0 =
∑
m,n,a,b,σ
tmnab a
†
mσbnσ (2)
and
Hint =
1
2
∑
σ,τ
∑
m,a,b,c,d
Vabcda
†
mσc
†
mτdmτ bmσ . (3)
The noninteracting part of the Hamiltonian, H0, describes the itinerant electrons and, if
necessary, it includes the crystal-field splitting for A4C60 originated in the bct structure. We
denote the transfer integrals between the orbital a at the molecule m and the orbital b at
the molecule n by tmnab , where a and b denote the t1u orbitals, x, y, and z. We also denote
the creation (annihilation) operator of the t1u electron with the spin σ in the orbital a at the
molecule m by a†mσ (amσ). The coupling constants of the effective electron-electron interaction,
Vabcd, are classified into the intraorbital repulsion, Vintra, the interorbital repulsion, Vinter, the
exchange interaction, J , and the pair transfer interaction, K. These coupling constants are
given as follows:
Vintra = Vxxxx = Uxxxx − 1
2
SAg − 1
2
SHg , (4)
Vinter = Vxxyy = Uxxyy − 1
2
SAg +
1
4
SHg , (5)
J = Vxyyx = Uxyyx − 3
8
SHg , (6)
and
K = Vxyxy = Uxyxy − 3
8
SHg . (7)
Here, Uxxxx and Uxxyy are the intraorbital and interorbital repulsions originated in the
screened Coulomb interaction, respectively. Furthermore, Uxyyx and Uxyxy are the exchange
and pair transfer interactions also originated in the screened Coulomb interaction, respec-
tively. The effects of the electron-phonon interaction are also included in the above coupling
constants; SAg and SHg are the coupling constants of the t1u electrons to the Ag and Hg
intramolecular phonons, respectively. In our model, the coupling constant of the pair transfer
interaction K is the same as the coupling constant of the exchange interaction J . Also, it is
worthwhile to notice that these coupling constants satisfy the relation from the symmetry,
Vintra = Vinter + 2K. Consequently, we can take Vintra and K as two independent parameters.
It should also be noted that these coupling constants are strongly affected by the electron-
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phonon interaction; the intraorbital repulsion is reduced considerably while the interorbital
repulsion is not and the exchange and pair transfer interactions, which are originally positive,
become negative due to the coupling of the t1u electrons to the intramolecular Hg phonons.
To perform the TDA calculations, it is necessary to obtain the Hartree-Fock ground state,
|G〉, because the excitations are created over |G〉 and the excited states are represented by
the linear combination of such excitations as explained in the next section. The detailed
procedure of the Hartree-Fock calculations is found elsewhere.14) We rewrite the Hamiltonian
H as follows:
H = HHF + ∆H , (8)
where
HHF =
∑
αkσ
εkαα
†
kσαkσ (9)
and
∆H = H −HHF . (10)
The band energies for the itinerant electrons above are denoted by εkα and the corresponding
creation (annihilation) operators by α†kσ (αkσ), where α (α=ξ, η, and ζ) is the band index
and k is the wave vector. The band indices used in the present study are labeled in such order
that εkξ < ε
k
η < ε
k
ζ at a given wave vector k. For A4C60, ξ and η denote the occupied t1u bands
while ζ denotes the unoccupied t1u band. We take the origin of the band energies at the top
of the occupied t1u bands throughout.
By using the eigenfunctions obtained by the Hartree-Fock calculations, we here define the
coupling constants V k1k2k3k4αβγδ as follows:
V k1k2k3k4αβγδ =
∑
m,a,b,c,d
Vabcd〈αk1|am〉〈γk3|cm〉〈dm|δk4〉〈bm|βk2〉 , (11)
where |am〉 represents the electron in the orbital a at the molecule m and |αk〉 represents the
eigenfunction corresponding to the eigenvalue εkα; for simplicity, we leave out the spin index
in the above.
We now give the order of magnitude of the coupling constants introduced here. First,
Uxxxx and Uxxyy are of the order of about 0.6 eV while Uxyxy and Uxyyx are of the order
of about 0.03 eV. This estimation is based on the calculations using the molecular orbitals
obtained from the Hartree-Fock calculations.14) Next, SAg and SHg are of the order of about
0.4 eV; we estimate this from the results of the Hartree-Fock study on the Jahn-Teller effect
in the C−60 anion.
17) Accordingly, Vintra and K are estimated to be about 0.2 eV and −0.1 eV,
respectively, and also Vinter to be about 0.4 eV. In the present study, we use Vintra = 0.26
eV and K = −0.16 eV, which are determined so as to reproduce the critical temperature of
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superconductivity and the energy of the satellite in the photoemission spectra of K3C60.
16)
3. TDA
We first introduce four types of operators that create excitations over the ground state
|G〉 obtained by the Hartree-Fock calculations. One is for the spin-singlet excitations:
αSqk =
1√
2
(ζ†
k+q↑αk↑ + ζ
†
k+q↓αk↓) . (12)
The other three are for the spin-triplet excitations:
αT+qk = ζ
†
k+q↑αk↓ , (13)
αT0qk =
1√
2
(ζ†k+q↑αk↑ − ζ†k+q↓αk↓) , (14)
and
αT−
qk
= ζ†
k+q↓αk↑ . (15)
In the above expressions, α represents the occupied bands, ξ and η. These operators create
an electron in the ζ band, which is the unoccupied one, and a hole in the α band, which is
one of the occupied bands. The Schro¨dinger equation that the excited states follow is
H
∑
αk
fαXqk α
X
qk|G〉 = (EG + ~ωq)
∑
αk
fαXqk α
X
qk|G〉 , (16)
where X is S, T+, T0, or T−, fαXqk is the expansion coefficient, EG is the energy of the ground
state, and ~ωq is the excitation energy. By using the relation
HαXqk =
[
H,αXqk
]
+ αXqkH (17)
in the left-side hand of eq.(16), we obtain∑
αk
fαXqk
{[
H,αXqk
]− ~ωqαXqk
}
|G〉 = 0 . (18)
We now write down explicit expressions of the above equations. Let us first consider the
operator that create a spin-singlet excitation:
ξSqk =
1√
2
(ζ†k+q↑ξk↑ + ζ
†
k+q↓ξk↓) (19)
and
ηSqk =
1√
2
(ζ†k+q↑ηk↑ + ζ
†
k+q↓ηk↓) . (20)
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Within TDA, we obtain the following eigenvalue equation:
∑
k
{
−
∑
k′
V
k′+qk+qkk′
ζζξξ ξ
S
qk′
f
ξS
qk′
+ 2
∑
k′
V
k′+qk′kk+q
ζξξζ ξ
S
qk′
f
ξS
qk′
−
∑
k′
V
k′+qk+qkk′
ζζξη η
S
qk′
f
ηS
qk′
+ 2
∑
k′
V
k′+qk′kk+q
ζηξζ η
S
qk′
f
ηS
qk′
+(εk+qζ − εkξ )ξSqkf ξSqk − ~ωqξSqkf ξSqk
}
|G〉 = 0
(21)
and ∑
k
{
−
∑
k′
V
k′+qk+qkk′
ζζηη η
S
qk′
f
ηS
qk′
+ 2
∑
k′
V
k′+qk′kk+q
ζηηζ η
S
qk′
f
ηS
qk′
−
∑
k′
V
k′+qk+qkk′
ζζηξ ξ
S
qk′
f
ξS
qk′
+ 2
∑
k′
V
k′+qk′kk+q
ζξηζ ξ
S
qk′
f
ξS
qk′
+(εk+qζ − εkη )ηSqkfηSqk − ~ωqηSqkfηSqk
}
|G〉 = 0 .
(22)
We next write down the Schro¨dinger equation for spin-triplet excitations. It is sufficient to
consider the following two operators:
ξT+qk = ζ
†
k+q↑ξk↓ (23)
and
ηT+
qk
= ζ†
k+q↑ηk↓ . (24)
We obtain the following eigenvalue equation:
∑
k
{
−
∑
k′
V
k′+qk+qkk′
ζζξξ ξ
T+
qk′
f
ξT+
qk′
−
∑
k′
V
k′+qk+qkk′
ζζξη η
T+
qk′
f
ηT+
qk′
+(εk+qζ − εkξ )ξT+qk f ξT+qk − ~ωqξT+qk f ξT+qk
}
|G〉 = 0
(25)
and ∑
k
{
−
∑
k′
V
k′+qk+qkk′
ζζηη η
T+
qk′
f
ηT+
qk′
−
∑
k′
V
k′+qk+qkk′
ζζηξ ξ
T+
qk′
f
ξT+
qk′
+(εk+qζ − εkη )ηT+qk fηT+qk − ~ωqηT+qk fηT+qk
}
|G〉 = 0 .
(26)
In solving the above eigenvalue equations, we use 2000 k points and thus diagonalize
4000×4000 matrix for each case.
4. Results and Discussion
First of all, we show the results of the Hartree-Fock calculations carried out to obtain the
ground state of A4C60. As mentioned in the previous section, the Hartree-Fock ground state
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is the starting point in the TDA calculations because excitations are created over this ground
state by applying the operators for creating excitations. The electronic structure and the
density of states of A4C60 obtained are shown in Figs. 1(a) and 1(b), respectively. The origin
of energy is taken at the top of the occupied t1u bands. It is found that the energy gap is about
0.8 eV. The gap consists of three contributions. To understand the origin of the energy gap,
we first estimate the energy difference between the centers of the occupied and unoccupied t1u
bands. There are also three contributions in this difference. One is from the electron-electron
interaction and is about 0.6 eV. The second is from the electron-phonon interaction and is
about 0.4 eV. The third is from the crystal-field splitting and is about 0.2 eV. We thus find
that the energy difference between the centers of the occupied and unoccupied t1u bands is
about 1.2 eV. The energy gap is finally estimated to be about 0.8 eV by considering the band
width of about 0.4 eV. It should be noted that the most dominant contribution is from the
electron-electron interaction and the next is from the electron-phonon interaction. It is also
important to note that, if we consider only the crystal-field splitting, the insulating nature
of A4C60 cannot be explained. This is the reason why A4C60 is called the Mott-Jahn-Teller
insulator.12)
We next show the results of the TDA calculations for the excitation spectrum. The disper-
sion relation of excitations calculated by eqs.(21) and (22) and eqs.(25) and (26) is shown in
Fig. 2. The lowest excitations around 0.3 eV, which consist of a pair of branches, correspond
to the creation of the spin-singlet Frenkel excitons. The next lowest excitations around 0.6
eV, which also consist of a pair of branches, correspond to the creation of the spin-triplet
Frenkel excitons. This result is in strong contrast to the excitons in usual insulators where
the the creation energy of the spin-singlet Frenkel exciton is larger than that of the spin-
triplet Frenkel exciton. The reason why the spin-singlet Frenkel exciton is energetically lower
than the spin-triplet Frenkel exciton in A4C60 is that the exchange interaction J is negative
because the contribution from the electron-phonon interaction overcomes the Hund coupling
originated in the Coulomb repulsion.14,15) Furthermore, excitations which exist over 0.8 eV
correspond to the creation of a pair of a free electron and a free hole; the free electron is
created in the upper t1u band and the free hole is created in the lower t1u bands. This type
of excitations are very similar to the Stoner excitation in the Mott-Hubbard insulators and
form a continuous spectrum as shown in Fig. 2.
The reason for the existence of the two branches of each exciton band is that, since the
upper t1u band is single and unoccupied and the lower t1u bands are double and occupied,
there arise two branches of Frenkel excitons; this is very similar to the Davidov splitting, which
occurs in a system where two kind of excitations exist in the unit cell. A typical system for the
Davidov splitting is the benzene crystal whose unit cell consists of a pair of benzene molecules;
the excitations of the two benzene molecules couple to form one bonding-type exciton and
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one antibonding-type exciton. In A4C60, the two lower t1u levels play a similar role to the
excitation of the two benzene molecules.
In the present study, we restrict ourselves within the model which takes account of only
the intramolecular Coulomb repulsion between the t1u electrons. It may, however, be more
realistic to take account of the nearest-neighbor intermolecular Coulomb repulsion between
the t1u electrons as well; this can result in the formation of the charge transfer excitons. The
order of magnitude of the nearest-neighbor intermolecular Coulomb repulsion can be estimated
by considering the ratio between the average distance between two t1u electrons in a single
C60 molecule, which is about 4 A˚, and the average distance between two t1u electrons in a
nearest-neighbor pair of C60 molecules, which is about 11 A˚. Since the order of magnitude of
the intramolecular Coulomb repulsion is about 0.6 eV, the order of magnitude of the nearest-
neighbor intermolecular Coulomb repulsion is estimated to be about 0.2 eV. As a result, the
charge transfer excitons can appear at about 1 eV, i.e., at the energy lower by about 0.2 eV
with respect to the center of the continuous spectrum in Fig. 2. We thus believe that the
present results obtained for the Frenkel excitons are almost unchanged if the nearest-neighbor
intermolecular Coulomb repulsion is taken into account.
We finally compare the present results with experimental results available for the excited
states of A4C60. Several experimental studies on the excited states of A4C60 has been carried
out so far. One is the result of the infrared reflection measurement.10) Another is the result of
the measurement of the electron-energy-loss spectrum (EELS).11) Since the creation process
of the Frenkel excitons studied here, i.e., the intramolecular t1u → t1u transition, is optically
forbidden, we compare the present results with the EELS results. In the EELS spectra, two
features are clearly seen in that of Rb4C60. One is at about 0.3 eV and the other is at about
0.6 eV; although the two features in the EELS spectra of K4C60 and Cs4C60 is not so clear
than those in Rb4C60, such features possibly exist in the experimental spectra. We believe
that the one at 0.3 eV is originated in the creation of the spin-singlet Frenkel excitons and the
other at 0.6 eV is originated in the creation of the spin-triplet Frenkel excitons. Although the
EELS spectra for K4C60, Rb4C60, and Cs4C60 are quite similar to each other, the spectrum
for Na4C60 are largely different from those for K4C60, Rb4C60, and Cs4C60. At present, the
origin of the discrepancy is not clear. One possible reason for the discrepancy is that the
crystal structure of Na4C60 is different from the structure of K4C60, Rb4C60, and Cs4C60; the
structure of Na4C60 is fcc while the structure of the other three materials is bct.
11,18,19) It
is, however, necessary for elucidating the origin of this discrepancy to study Na4C60 in detail
both experimentally and theoretically in the future.
5. Summary
We have studied low-energy excitations in A4C60 by using the Tamm-Dancoff approxi-
mation. It is found that the lowest excitation corresponds to the creation of the spin-singlet
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Frenkel excitons at about 0.3 eV and the next lowest excitation corresponds to the creation
of the spin-triplet Frenkel excitons at about 0.6 eV. This result is in strong contrast to usual
insulators where the creation energy of the spin-singlet exciton is larger than that of the
spin-triplet exciton.
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Fig. 1. (a)Band structure and (b)density of states of A4C60 obtained by the Hartree-Fock calcula-
tions. The origin of energy is taken at the top of the occupied t1u bands.
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Fig. 2. Dispersion relation of excitations in A4C60. The lowest branches at about 0.3 eV are of the
spin-singlet excitons and the next branches at about 0.6 eV are of the spin-triplet excitons. The
hatched region represents the excitation of a pair of a free electron and a free hole, which form a
continuous spectrum.
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